THE MIKHEEV IDENTITY IN RIGHT HOM- ALTERNATIVE ALGEBRAS 



DONALD YAU 



Abstract. It is shown that in every multiplicative right Horn-alternative algebra, a Horn- type 
generalization of the Mikheev identity holds. It is then inferred that a multiplicative right Horn- 
alternative algebra with an injective twisting map and without Hom-nilpotent elements or left 
zero-divisors must be a Hom-altcrnative algebra. 



1. Introduction 

Right and left alternative algebras are defined by the identities 

(ab)b = a{bb) and (aa)b = a{ab), (1.0.1) 

respectively. An alternative algebra is an algebra that is both left alternative and right alternative. 
Alternative algebras are important for purely algebraic reasons as well as for applications in other 
fields. For example, the 8-dimensional Cayley algebras are alternative algebras that are not associa- 
tive fl3| . Right alternative algebras give rise to Jordan algebras via the anti-commutator product 
H) , and they are power associative [Q, ||] . Likewise, alternative algebras give rise to Maltsev algebras 
via the commutator bracket [ fl0| |. Moreover, alternative algebras play an important role in project 
geometry |l2|, |l5| and generalized polygons |l(| . 

Twisted generalizations of (left/right) alternative algebras, called (left/right) Horn-alternative 
algebras, were introduced by Makhlouf by relaxing the defining identities in (left/right) alternative 
algebras by a linear self-map a, called the twisting map. Construction results and examples of Horn- 
alternative algebras can be found in |?], Horn-Lie algebras first appeared in j| to describe 
deformations of the Witt algebra and the Virasoro algebra. Horn-associative algebras were defined 
in U and further studied in |, 0, |l|. For other Horn- type algebras, see |o[ §l]' and 
the references therein. 

Many properties of (right) alternative algebras have been generalized to (right) Horn-alternative 
algebras by the author. A Hom-algebra (^4, fj,, a) is said to be multiplicative if the twisting map a 
is multiplicative with respect to the multiplication /i. The author proved in [fjl| that multiplica- 
tive Horn-alternative algebras are Hom-Maltsev admissible, and they satisfy Horn-versions of the 



Moufang identities. In 23 the author showed that multiplicative right Horn-alternative algebras 
are Horn-power associative and Horn- Jordan admissible. Actually, Horn- Jordan admissibility was 
also established in [Ell for multiplicative Horn-alternative algebras. The concept of Horn-power as- 



sociativity was introduced by the author in 22 as a twisted generalization of power associativity 
01- 
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The purpose of this paper is to establish criteria that guarantee that a right Hom-alternative 
algebra is Hom-alternative. Examples of right Hom-alternative algebras that are not left Hom- 
alternative can be found in [p3| , A description of our main results follows. 

The basis of our results is a theorem by Mikheev jTlJ, which we now recall. The right and left 
alternative identities (1.0.1) can be written as 

(a,b,b) = and (a,a,b) = Q, (1.0.2) 

respectively, where 

(x,y,z) = (xy)z - x(yz) 
is the associator. In Jll[] Mikheev proved that in every right alternative algebra, the identity 

(a,a,&) 4 = (1.0.3) 



holds. Roughly speaking, the Mikheev identity (1.0.3) says that every right alternative algebra is 
fairly close to being left alternative. Here the fourth power is defined as 

x 4 = {{xx)x)x. 

In fact, the order of the parentheses does not matter because every right alternative algebra is power 
associative. 

Our main result is the Horn- version of the Mikheev identity ( 1.0. 3| ). In a Hom-algebra (A,ii, a), 
the role of the associator is played by the Horn- associator 

(x, y, z) = (xy)a(z) - a(x)(yz). 

Right and left Hom-alternative algebras are defined as in ( 1.0.2| ) using the Hom-associator. A Hom- 
alternative algebra is both left and right Hom-alternative. The Horn-power x n [^2| in a Hom-algebra 
is defined inductively as 

x n =x n - 1 a n ~ 2 {x). 



We can now state our main result, which is a Hom-type generalization of the Mikheev identity (1.0.3) 
in right alternative algebras. 

Theorem 1.1. Let (A,/j,,a) be a multiplicative right Hom-alternative algebra. Then the identity 

a 6 ((a,a,b) 4 ) =0 (1.1.1) 
holds in A, where (, , ) is the Hom-associator. 



Theorem 1.1 says that in a multiplicative right Hom-alternative algebra, although the Hom- 
associator (a, a, b) does not have to be zero, it is nonetheless the case that its fourth Horn-power 
(a, a, b) 4 lies in the kernel of a 6 . 

We now discuss some consequences of Theorem |l.l[ The following result is the special case when 
the twisting map is injective. 

Corollary 1.2. Let {A, fi, a) be a multiplicative right Hom-alternative algebra in which a is injective. 
Then the identity 

{a,a,b) 4 = 
holds in A, where (, , ) is the Hom-associator. 
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Restricting to the case a = Id a in Corollary 1.2, one recovers the Mikheev identity (1.0.3) in a 
right alternative algebra 

Recall that a division algebra is a unital algebra in which 1^0 and every non-zero element has a 
two-sided multiplicative inverse. In a right alternative division algebra, it is true that x 4 = implies 
x = 0. Indeed, if y 2 = 0, then y = because, otherwise, y _1 exists. But right alternativity then 
implies 

= = {y^ 1 y)y = y, 

which is a contradiction. Now by right alternativity again, we have 

n 4 I 1 \ , 2 2 2 2 

= x = [x , x, x) + x x = x x , 

so x 2 = 0, and hence x = 0. In particular, from the a — Id a special case of Corollary 1.2, one 
recovers the following result of Skornyakov p3 . 

Corollary 1.3. Every right alternative division algebra is an alternative algebra. 

In a Hom-algebra, define a Hom-nilpotent element to be a non-zero element x such that the 



Horn-power x n is for some n > 2. In the context of Corollary 1.2, if the Hom-associator (a, a, 6) is 



non-zero for some elements a and b, then it is a Hom-nilpotent element. We now have the following 



special case of Corollary 1.2, which gives conditions under which a right Horn-alternative algebra is 
Horn-alternative. 

Corollary 1.4. Let (A, pi, a) be a multiplicative right Horn-alternative algebra. Suppose that a is 
injective and that A has no Hom-nilpotent elements. Then A is a Horn-alternative algebra. 



Setting a = Id a in Corollary 1.4, one recovers the following result of Kleinfeld 



Corollary 1.5. Every right alternative algebra without nilpotent elements is an alternative algebra. 



We now discuss a special case of Corollary 1.4. Zero-divisors in Hom-algebras are defined as 



usual. More precisely, a non-zero element a in a Hom-algebra (A, fj,, a) is called a left (resp., right) 
zero-divisor if there exists a non-zero element b such that 

ab = (resp., ba = 0). 

A Hom-algebra has a left zero-divisor if and only if it has a right zero-divisor. If the twisting map 
a is injective, then every Hom-nilpotent element gives rise to a left zero-divisor. Indeed, suppose a 
is a Hom-nilpotent clement and n > 2 is the least integer such that 

a n =a n - 1 a n - 2 (a) = 0. 

Then a"^ 1 ^ by the choice of n, and a n ~ 2 (a) ^ by the injectivity of a. Thus, the Horn-power 
a n_1 is a left zero-divisor. Therefore, when a is injective, the absence of left zero-divisors implies 



the absence of Hom-nilpotent elements. We now have the following special case of Corollary 1.4 



Corollary 1.6. Let (A,/j,,a) be a multiplicative right Horn-alternative algebra. Suppose that a is 
injective and that A has no left zero-divisors. Then A is a Horn-alternative algebra. 



Setting a = IdA in Corollary 1.6, one recovers the following special case of Corollary 1.5 



Corollary 1.7. Every right alternative algebra without left zero-divisors is an alternative algebra. 
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This finishes the discussion of our results. The rest of this paper is organized as follows. In the 
next section, we recall some basic definitions regarding Hom-algebras and some properties of right 
Horn-alternative algebras. In section [3] we illustrate Corollary 1.2 by exhibiting an infinite family of 



mutually non-isomorphic multiplicative right Horn- alternative algebras in which the twisting maps 
are injective and (a, a, b) 2 for some elements a and b. The proof of Theorem 1.1 is given in 
section f|. 

2. Basic properties of right Hom-alternative algebras 

The purpose of this section is to recall some properties of right Hom-alternative algebras that are 
needed for the proof of Theorem |1.1[ 

2.1. Notations. We work over a fixed field k of characteristic 0. Given elements x and y in a k- 
module A and a bilinear map /x: A® 2 — > A, we often abbreviate (x(x, y) to xy. For a linear self-map 
a : A — s* A, denote by a n the n-fold composition of n copies of a, with a = Id. The alphabets 
a, 6, c, d, w, x, y, and z will denote arbitrary elements in the k-module under consideration. 

We first recall some basic definitions regarding Hom-algebras. 

Definition 2.2. A Hom-algebra is a triple (A,/j,,a) in which A is a k-module, \i: A® 2 — > A is a 
bilinear map, called the multiplication, and a : A — » A is a linear map, called the twisting map. A 
Hom-algebra (A, /x, a) is often abbreviated to A. A Hom-algebra (A, /z, a) is multiplicative if a is 
multiplicative with respect to zz, i.e., a/x = /xa® . 

From now on, an algebra (A, /x) is also regarded as a Hom-algebra (A, /x, Id) with identity twisting 
map, unless otherwise specified. Next we recall the Horn-type generalizations of the associator and 
(left/right) alternative algebras. 

Definition 2.3. Let (A,/j,,a) be a Hom-algebra. 

(1) Define the Hom-associator g (, , ) A : A® 3 -t A by 

(x, y, z)a = (xy)a(z) - a(x)(yz). (2.3.1) 

(2) A right Hom-alternative algebra is defined by the identity 

(x,y,y) A = 0. (2.3.2) 
A left Hom-alternative algebra is defined by the identity 

(x,x,y) A = 0. 

A Hom-alternative algebra is a Hom-algebra that is both left Hom-alternative and 
right Hom-alternative. 

When there is no danger of confusion, we will omit the subscript A in the Hom-associator (, , ) A . 
When the twisting map a is the identity map, the above definitions reduce to the usual definitions 
of the associator and (left/right) alternative algebras. In expanded form, right Hom-alternativity 
( [2.3.2 ) means the identity 

(xy)a(y) = a(x)(yy) (2.3.3) 

holds. 

Next we recall from [J22| the Horn-type generalization of right powers ||, ^ . 
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Definition 2.4. Let (A,/j,,a) be a Hom-algebra and x be an element in A. Define the nth Horn- 
power x n G A inductively by 

x 1 =x and x n =x"-V l - 2 (» (2.4.1) 

for n > 2. 
We have 

x 2 = xx, x 3 = (xx)a(x), and x 4 = {{xx)a{x))a 2 (x). (2.4.2) 

Multiplicative right Horn-alternative algebras are Hom-power associative ^3). However, we do 
not need that result in this paper. 

In the rest of this section, we recall some properties of right Horn-alternative algebras that will 
be used in later sections. The following result gives the linearization of the right Horn-alternative 
identity. 

Lemma 2.5 (Qj). Let (A,fi,a) be a Hom-algebra. Then the following statements are equivalent. 

(1) A is right Horn-alternative, i.e., (x,y,y) = 0. 

(2) A satisfies 

(x,y,z) = -(x,z,y). (2.5.1) 

In a right alternative algebra, it is known that the right Moufang identity 

{{xy)z)y = x((yz)y) 
holds [[| . The following result is the Horn- version of this identity. 

Lemma 2.6. Let (A,n,a) be a multiplicative right Horn-alternative algebra. Then the right Hom- 
Moufang identity 

[(xy)a(z)] a 2 (y) = a 2 (x) [(yz)a(y)] (2.6.1) 

holds. 

Proof. This result was proved in pq |. Here is a sketch of the proof. In any multiplicative Hom- 
algebra, the Hom-Teichmuller identity 

f(w, x, y, z) = f (wx, a(y),a(z)) - (a(w), xy, a(z)) + (a(w),a(x), yz) 
- a 2 (w)(x, y, z) - (w, x, y)a 2 (z) 
= 

holds, which one can show by expanding the five Hom-associators. Using the Hom-Teichmuller 
identity, one shows that 

(a(x), a(y), yz) = (x, y, z)a 2 {y) (2.6.2) 
by expanding the right-hand side of 

= f{x, y, y, z) - f(x, z, y, y) + f(x, y, z, y). 

Finally, one proves the right Hom-Moufang identity by computing [(xy)a(z)] a 2 (y) using (2.3.1), 



fl2.6.2j) , ( |2.5.l| ), and then ( |2.3.l|) again. □ 



The category of right Horn-alternative algebras is closed under twisting by self-weak morphisms. 
Let us first recall the relevant definitions. 
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Definition 2.7. Let A and B be Hom-algebras. A weak morphism /: A — > B of Hom-algebras 
is a linear map / : A — >• B such that ffi A = Mb/® 2 - A morphism / : A 5 is a weak morphism 
such that /a a = ces/. The Hom-algebras A and -B are isomorphic if there exists an invertiblc 
morphism /: A —> B. 

The following result was proved in |^3| . It says that the category of right Horn-alternative algebras 
is closed under twisting by weak morphisms. 

Theorem 2.8. Let (A, fj,, a) be a right Horn- alternative algebra, and let ft: A — > A be a weak 
morphism. Then the Rom-algebra 

Ap = (A,np = 0n,pa) (2.8.1) 

is also a right Horn- alternative algebra. Moreover, if A is multiplicative and (3 is a morphism, then 
A/3 is multiplicative. 

Indeed, given any Hom-algebra A and weak morphism ft : A — > A, their Hom-associators are 
related as follows: 

f3 2 (x,y,z) A = {x,y,z) Ap . (2.8.2) 
Therefore, if A is right Horn-alternative, then so is Ap. 



Setting a = Id A in Theorem 2.8, one recovers J7J (Theorem 3.1), which says that multiplicative 
right Horn-alternative algebras may arise from right alternative algebras and their morphisms. A 
twisting result of this form was first given by the author in for G-Hom-associative algebras, 
which include Horn-associative and Horn-Lie algebras. 

Corollary 2.9. Let (A,fj,) be a right alternative algebra and /?: A — » A be an algebra morphism. 
Then 

A p = (A,n P =0n,p) 
is a multiplicative right Horn- alternative algebra. 



In the next section, we will use Corollary |2.9| to construct multiplicative right Horn-alternative 
algebras from a given right alternative algebra. 



3. Examples 



The purpose of this section is to construct examples of right Horn-alternative algebras that are 
not right alternative and in which (a, a, b) 2 ^ for some elements a and b. 

We start with a right alternative algebra constructed by Mikheev [|ll|. Consider the 13- 
dimcnsional algebra A with a basis {e^ : 1 < i < 13}. The non-zero binary products among the 
basis elements are: 

eiei = e3, eie 2 = e±, eie 3 = e 5 , eie 4 = e 8 , eie 6 = e 9 , 

eie 7 = ei2 = eie 9 , eie w = en, 

e2ei = e 6 , e 2 e 3 = e 10 , e 3 ei = e 5 , e 3 e 2 = e 7 , e 3 e 6 = en + e i2 , 
e^ei = -e 7 + e 8 + e 9 , e 5 e 2 = eu + ei 2 , e 6 ei = ei , 
e8e 7 = ei3 = e 8 e 9 = -e 8 ei , e 9 e 7 = -e i3 = e 9 e 9 = -e 9 e w , 
ene 4 = e i3 = -ene 6 , ei 2 e 4 = -e i3 = -ei 2 e 6 . 
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Mikheev showed in that A is a right alternative algebra such that 

(ei, ei, e 2 )A = e 7 - e 8 and (ei, e\, ei)\ — _e i3- 



We will apply Corollary 2.9 to the right alternative algebra A with suitable morphisms. 

Let us now construct a family of morphisms on A. Let A and £ be scalars in k with A£ ^ and 
A 7^ £. Consider the linear map a = : A — > A defined by: 

a(ei) = Aei, a(e 2 ) = £e 2) a(e 3 ) = A 2 e 3 , 

a(e 4 ) = A£e 4 , a(e 5 ) = A 3 e 5 , a(e 6 ) = A£e 6 , 

a(e<) = A 2 £e 2 for i = 7, 8, 9, 10, 

a(e i ) = A 3 £e 3 for j = 11, 12, a(e 13 ) = A 4 £ 2 e 13 . 

It is straightforward to check that ax £ preserves all the defining relations among the e^'s, so ot\ £ is 
an algebra morphism on A. By Corollary |2.9| there is a multiplicative right Horn- alternative algebra 

= ^.e = (Aot\,£(i,ax,£), 
where fi is the original multiplication on A. Note that ax,£ is an isomorphism, so A(X, £) satisfies 



the hypotheses of Corollary 1.2 



We aim to prove the following three statements: 

(1) (A,a\£fi) is not a right alternative algebra. 

(2) (ei,ei,e2)^ (A)e ^0. 

(3) The Hom-algebras A(\,£) and A(X',£') are not isomorphic (Definition 2.7), provided that 
one of the following conditions holds: 

A^A' r £' s , £^A /r £' s , \'?\ r ?, or ? ? \ r ? 

for any r £ {0, . . . , 4} and s £ {0, 1, 2}. 

To prove that (A, otx^fj,) is not a right alternative algebra, let \i a denote the multiplication ax^fJ.. 
Then we have 

Ha{Ha{e2, ei), ei) = A 3 £ 2 ei and ^ Q (e 2 , /x Q (ei, ei)) = A 4 £ei . 
The two elements above are equal if and only 

A 3 ? 2 = X% 

or equivalently A = £. This last condition does not happen by our choices of A and £. We conclude 
that (A, ax^n) is not a right alternative algebra. 



To prove the second assertion, we use (2.8.2) and compute as follows: 



(ei,ei,e 2 )x(A,f) = {a 2 (ei, ei, e 2 ) A } 



2 



{a 2 (e 7 - e 8 )} 



2 



|A 4 e 2 (e 7 -e 8 )} 

-A 8 e 4 ei 



2 



il3- 

Since the above element is non-zero, we have proved the second assertion. 
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To prove the last assertion, suppose that g: A(X, £) — > A(\',£') is a Hom-algebra isomorphism. 
Write 

3 

Comparing ga{e\) with a'g(ei), we have that 

Since at least one r/ij is non-zero, we infer that 

A = X' r C s 

for some r £ {0, . . . , 4} and s G {0, 1, 2}. If we use ei instead of e±, then an analogous computation 
shows that 

f = A' r £' s 

for some r € {0, . . . , 4} and s S {0, 1, 2}. By symmetry we infer that both A' and £' have the form 
A r £ s . This proves the third assertion. 

4. Proof of the main result 

The purpose of this section is to prove Theorem Our proof is modeled on the proof of the 
Mikheev identity given in (Chapter 16). 

To simplify the typography, let us first extend the Herstein notations Q to Hom-algebras. As in 
most of the classic literature, we allow linear maps, including the twisting map of a Hom-algebra, 
to act from the right. 

Definition 4.1. Let (A, fi, a) be a Hom-algebra, a, 6 be elements in A, and n be a non-negative 
integer. Define: 

(1) a n to be a n (a); 

(2) a' to be the operator of right multiplication by a; 

(3) a b and at, to be the operators 

a b = a(ab) 1 — ab\ and a& = a(ab)' — b'a^, (4.1.1) 

respectively. 

Since these operators act from the right, in terms of an element x G A, we have 
xa' = xa, 

xa b = a(x)(ab) — (xa)a(b) = —(x,a,b), (4-1.2) 
xab = a(x)(ab) — (xb)a(a) — —(x,a,b) + (xa)a(b) — (xb)a(a), 



where (, , ) is the Hom-associator in A (2.3.1). 



Proof of Theorem 1.1. Pick arbitrary elements a and b in A, and write p = (a, a, b). Then we have 

p = -(-a, a, 6) = ~aa b (4.1.3) 
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by ( 4.1.2Q . To prove the desired identity fll.1.1 ), we compute as follows: 



[(a,a,6) 4 ] = a 6 {[(pp)a(p)]a 2 (p)} (by ( gZg )) 



PPPiP2 aG (Definition 



-aa b p 



'p' lP ' 2 a G (by (EXl) 



In Proposition 4.13 below, we will show that the operator in the previous line, a b p'p[p 2 a 6 , is 0. 
Therefore, the proof of Theorem 1.1 will be complete once Proposition 4.13 is proved. □ 



The rest of this section is devoted to the proof of Proposition |4.13| below, which involves a series 
of preliminary lemmas regarding the operators a' , a b , and a?,. Briefly, the proof of Proposition 4.13 
is divided into two parts: 

(1) The first part consists of showing that the operator a 1 'p' 'p^p^a 6 is the sum of two operators 



(2) The second part consists of showing that each summand in (4.7.1) is trivial (Lemmas 4.11 



and [4.12D . 

Let us begin with the linearity and multiplicative properties of the operators defined above. 

Lemma 4.2. Let (A,fi,a) be a Rom-algebra, a,b, and c be elements in A, and n and m be non- 
negative integers. Then the following statements hold. 

(1) (a + b) n = a n + b n and (a n ) m = a n+m . 

(2) The operators a! , a b , and are linear in both a and b. 

(3) // A is multiplicative, then 

(ab) n = a n b n , (a, 6, c)„ = (a n ,b n , c„) 
a a = a a„, a a = a a n " , ana aba = a a nbn . 



(4.2.1) 



Proof. The first assertion simply says that a n is linear and a n a m — a 



The linearity of the 

three operators follows from the definition ( 4.1.2 ). Note that if A is multiplicative, then a n is 



multiplicative with respect to \x, which implies the first line in ( 4.2.1 ). For the second line in ( 4.2.1 ), 
we use ( 4.1.2) ) and compute as follows: 



xa'a n = a n (xa) = a n (x)a n (a) = xa n a' n , 

xa b a n = -a n (x,a,b) = -(a n (x), a n (a), a n {b)) = xa n a b - . 



A similar calculation proves the last identity in (4.2.1). 



□ 



The following result gives the operator forms of the right alternative identity (2.3.2) and the right 



Hom-Moufang identity ( 2.6.1 ). 

Lemma 4.3. Let (A, fi,a) be a right Horn-alternative algebra. Then the identities 

a'a'i — a(a 2 )' , 
a a = = a b + b a 
hold in A. Lf, in addition, A is multiplicative, then the identities 

o!b']o! 2 — ct 2 [{ab)ai]' , 
ab\c 2 + cb' x d 2 — a 2 [{ab)c\ + (cb)ai]' 



(4.3.1a) 
(4.3.1b) 

(4.3.2a) 
(4.3.2b) 
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hold in A. 



Proof. The right Horn-alternative identity ( 2.3.2 ) expands to 

(xa)a(a) — a(x)(aa). 



The identity (4.3.1a) is the operator form of the previous identity. By right Hom-alternativity and 
( 4.1. 2| ) we have 

= — (x, a, a) — xa a , 

which proves the first identity in (4.3.1b). The other identity in ( 4.3.1b| ) is obtained from the first 
identity by linearization, i.e., by replacing a with a + b and using the linearity of a in both the a and 



the b variables (Lemma L2). The identity ( 4.3.2a ) is the operator form of the right Hom-Moufang 
identity ( 2.6.1 ). The identity ( 4.3.2b ) is obtained from ( 4.3.2a ) by replacing a with a + c. 



□ 



For the rest of this section, (A,fi,a) denotes an arbitrary multiplicative right Horn-alternative 
algebra. Also let p denote the Hom-associator (a,a,b). By multiplicativity we have 

p n = a n (p) = (a n ,a n ,b n ). 



The following result provides a situation in which the composition of a b and Cd is trivial. 
Lemma 4.4. The identities 

0, (4.4.1a) 

(4.4.1b) 
hold in A. 



a b {a 2b2 



a b {a 2c2 ) + a c {a 2b2 ) = 



Proof. The identity (4.4.1b) is the linearization of the identity (4.4.1a) with respect to b. To prove 



( [1.4. la| ), we compute as follows: 

a b (a 2b2 ) = {a(ab)' - a'b[} {a(a 2 b 2 )' - b' 2 a' 3 } (by (|iTl|) ) 

= a{ab)' a(ab)' 2 + a'b'^a^ - {a(ab) 'b' 2 a' 3 + a'6 / 1 a(a6) / 2 } 

= a 2 (a&)i(a&)2 + a'a^D'a^ - {a(ab)'b' 2 a' 3 + aa[b' 2 (ab)' 2 } (by ( [4.2. l| ) and ( |4.3.1a| )) 
= a 3 [(ab)l\' >aai(6?)'4 



- a 3 {[(ab)h] a 2 + (ai&i)(a6)i}' (by ( pH ), ( pit] ), and ( gjTgg )) 
a 3 [(ab)l}' + a 3 [( ai b 2 )a 2 }' - a 3 {( ai b 2 )a 2 + (ab) 2 }' (by (|3J) and ( ggjg )) 
0. 



This finishes the proof of the identity (4.4.1a) 



□ 



The following result expresses the operator a 2 p' k in terms of the operator 
Lemma 4.5. For each integer k > 0, the identity 



(fees)* 



a Pfe = " a fe+i - a fe a fe+i 



(4.5.1) 



Zio/cfe m A. 
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Proof. To prove (4.5.1), it suffices to prove the case k = 0: 

a 2 (a, a, b)' = aa^-a'cft 



(4.5.2) 



Indeed, the desired identity ( 4.5. 1| ) is obtained from ( 4.5.2) ) by replacing a and b by a k and bk, 



respectively. To prove (4.5.2), we compute as follows: 

a 2 (a, a, b)' = -a 2 (a, b, a)' (by fl2.5.l|) ) 

= a 2 [ ai (ba)}' - a 2 [{ab)a^ (by (|p)) 



a 2 [ai(&a)]' - aV^ (by ( [4.3. 2a| )) 

a 2 [oi(6o)]' - a' {aj 1 + a(6iai)'} (by ( gXlb|) ) 

a{a[ai(6o)]' - ai(6a)i} - a'a? 1 (by (^2~ll )) 
aa^-a'aj 1 (by (gTg)) 



This hnishes the proof of the identity ( 4.5.2 ). 

The following result expresses the operator a 2 p' k in terms of the operator Cd- 
Lemma 4.6. For each integer k > 0, the identity 



□ 



a p k = aa k+1(ba)k - a kbk a k+2 



(4.6.1) 



holds in A. 



Proof. To prove (4.6.1), it suffices to prove the case k = 0: 

a 2 (a, a, b)' — aai ba — a b a' 2 . (4.6.2) 
Indeed, the desired identity ( 4.6. l| ) is obtained from ( 4.6. 2| ) by replacing a and b by a k and b k , 



respectively. To prove (4.6.2), we compute as follows 



a (a, a, b)' ' = a 2 [ ai (ba)} - a'b'^ (by the proof of Lemma |4.5| ) 

= a 2 [ ai (ba)]' - {a(ba)' + a b } a' 2 (by ( |4.1.1| ) and Q4.3.1b|) ) 
= a {a[ai(ba)}' — (ba)'a' 2 } — a,ba' 2 
= aa lba - a b a 2 (by ( |4.1.l| )). 



This finishes the proof of ( 4.6.2 ) 



□ 



The following result shows that the operator in Proposition 4.13 splits into two operators 



Lemma 4.7. The identity 



a»p'p' lP ' 2 a 6 



-a b a (a 3{ba)2 ) a (af ah ^ (a 8bg ) a' K 
Hba) 2 ) a' 5 (a b 6 6 ^ a (a 9 ( ba)s ) 



(4.7.1) 



a a la 3( 



holds in A. 



Proof. Using (4.2.1) repeatedly, we have: 



a b p'p' lP2 a 6 



a b p'p'M 

a b p'a' l p' 5 a 2 p' 8 

a b a 2 p' 2 Q 2 p' 5 Q 2 p' a . 



(4.7.2) 
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We now compute the previous line in two steps. First, we have: 

a b a 2 p 2 = a b u 2 (a 2 ,a 2 ,b 2 )' 



a {aa 3{ba)2 ~ a 2b2 a' 4 } (by (|4.6.l| )) 
a b aa 3(bah (by ( M.laft ). 



(4.7.3) 



Next we have: 



2 Ph) i a2 Ps) = {" a 6 &a)5 - a 5°6 6 } {a a 9(ba) 8 - a 8ba a' w } (by (|4.5.l| ) and (|4.6.lj )) 

(60)5 1 ' fee ' (60)5 / / be 

= aa^ aa g{ba)s + a 5 a 6 b a 8bs a 10 - aa K e a 8bs a 10 - a 5 a 6 aa 9{ba)g 



= a 2 4 ba)e a9(6a) 8 - aa6 0a,l5a 8b 8 a io ~ 4 a 6 6Q;a 9(ba) 8 (by Q4.2.1D and ( M- la D ) 
= -"4 fca)5a 8b 8 aio - a 5 a 6 6aa 9(ba) 8 (by ( |4.4.1a| )). 

(4.7.4) 

We now obtain the desired identity (4.7.1) by combining (4.7.2), (4.7.3), and (4.7.4). □ 



Aba) 



Our next objective is to show that each summand on the right-hand side of (4.7.1) is equal to 0. 
In order to do that, we need several more auxiliary identities. 



In (4.4.1a) above it was shown that the operator a (a 2b2 ) is trivial. The following result gives a 



computation of the operator a b {a 2 ). 
Lemma 4.8. The identity 

a b (a h 2 2 ) = -a 3 {[a,b],ai,h)' 
holds in A, where (, ,) is the Hom-associator in A (2.3.1) and 

[a, b] = ab — ba. 



(4.8.1) 



Proof. Starting from the definitions (4.1.1), we compute as follows: 
a b (a 2 2 ) — {a{ab)' — b'a^} {a(ab) 2 — a' 2 b 3 } 

= a{ab)' a{ab)' 2 + b'a'^b'a - {a{ab)' 'a' 2 b' 3 + b' 'a[a(ab) 2 } 

^a 2 {ab)\{ab)' 2 + b'a{a\)%' z ~-a{{ab) l a' 2 b' z + b' 1 a l 2 {ab)' 2 } (by ([4.2. l|) and fl4.3.1a|) ) 
= a 3 [(ab) 2 ]' + ab' 1 (a 2 1 )'b' 3 



- a 3 {{{ab) ai ]b 2 + (6iai)(a6)i}' (by ([4.2.1b , ( [4.3. la|) , and (|4.3.2b| )) 
a 3 {(abU^h)}' + a 3 {[(ba) ai }b 2 y 

- a 3 {[{ab)ai]b 2 + (6a)i(ai&i)}' (by (|3J) and (|4.3.2aj )) 
-a 3 {([a, b]ax)b 2 - [a, 6]i(ai&i)}' 

-a 3 ([a, 6],ai,6i)' . 



This finishes the proof of the identity (4.8.1). 



□ 



The following result gives a variation of the identity ( 4.8.1 ) . 
Lemma 4.9. The identity 



a b a' 2 {a\ 3 ) = -a 4 {[a,b]a 1 ,a 2 ,b 2 )' 



(4.9.1) 



holds in A. 
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Proof. Starting from the definitions (4.1.1), we have: 

a & a 2( a 3 3 ) = a(ab)' a' 2 a(ab)' 3 + b' a! 1 a! 2 a'ja\ — {a(aby a' 2 a' 3 b\ + b'al x a' 2 a(ab) a } 
= ^(abY^iabYs + b ' o?{a\a 2 )'b' A 



- {a{ab)'a{al)'b' A + b' 'a{a\)' a(ab)' 3 } (by flOiP , ( pla| ), and ( |4X2a| )) 
= a 4 {[(ab) ia2 }(ab) 2 y + a 2 b' 2 (al)% 

- a 2 {(abYMYb'i + b 2 (a 2 2 Y(abY 3 } (by (|Z|), (g^l)) , and (MM) 
= a 4 {[(a6)oi]i(o26a)}' + a 4 {(b 2 a 3 )b 3 }' 

- a 4 {[{ab) ia \]b 3 + {b 2 al){ab) 2 }' (by ( gjjg ) and ( p^bb ) 
= q 4 {[(ab)ai]i{a 2 b 2 )}' + a 4 {([(ba)ai]a 2 )b 3 }' 

- a 4 {([(ab)ai]a 2 )b 3 + [(6a)a 1 ] 1 (a6) 2 }' (by ( p^ ) and ( pj )) 

= -a 4 {[([a, &]ai)a2]&3 - ([a, %i)i(a2&2)}' 
= -a 4 ([a,b]ai,a 2 ,b 2 )' . 



This proves the identity (4.9.1). 

The following result gives situations in which the product of two Hom-associators is trivial. 
Lemma 4.10. The identities 

P3 {[a2,b 2 },a 3 ,b 3 ) = 

and 

Pa ([a2,b 2 \a 3 ,a 4 ,b 4: ) = 

hold in A. 



□ 



(4.10.1) 
(4.10.2) 



Proof. To prove ( 4.10.1 ) we compute as follows: 

P3 ([02, b 2 ], a 3 , b 3 ) = -aa b a 3 ([a 2 ,b 2 ],a 3 , b 3 )' (by ( |4 . 1 . 3| ) ) 
= aa b {a 2b2 )cfy (by ®) 



(by ( |4.4.1aD ). 



To prove (4.10.2) we compute as follows: 

P4 ([02,&2]ffl3, a 4 ,6 4 ) = -aa b a 4 ([a 2 ,b 2 ]a 3 ,a4,b 4 y (by ( |4.1.3| )) 
= a a b (a 2h2 )<(4 5 ) (by (pip) 
= (by (gXjj)). 



This finishes the proof of the identity (4.10.2). 

In the next two lemmas, it is shown that each summand on the right-hand side of (4.7.1) is 0. 



□ 



Lemma 4.11. The identity 



holds in A. 



a h a (a 3 ( 6 a) 2 ) a (4 &a)5 ) (a 8bg ) a' w 



= 



(4.11.1) 
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Proof. To prove fl4.11.1| ), we compute as follows: 
(03(60)2) a (4 6a)5 ) ( a 8b 8 ) aio 
-a ^ 1 a 3 (6 a ) 2 ) " (4 ba)5a 8& s ) a io ( b y ( I 4 - 2 - 1 ! )) 



-a (a\ a a 3b 



)a(4 6 a 8(ba)7 )a' 10 (by ( |4.4.1t| )) 
W) (a 3b3 «5 5 ) (aa 8(b a) 7 ) a'10 (by (B) 

(aV + a'4 1 ) (a 3&3 «5 5 ) («V 7 + a 7b7 a' 9 ) a' w (by ( gj^ ) and ( ggg )) 
a 2 p' (a 3b3 4 5 ) a 2 ^ a ' 10 (by (gXlg )) 



= a 2 p'a 3 ([a, 6] 3 , o 4) b 4 )' a 2 p 7 a' 10 (by ( |4.8.l| )) 
= " 7 P5 (I a > & ] 4 , a 5 , 6 5 )iP7 a io ( b y ( I 4 - 2 - 1 ! )) 



= a y {(p 5 ([a,fo]4,a 5 ,65))P6} aio ( b y Q*.3.2aD ) 
= a 9 {(p 3 ([a 2 ,6a],03,63))aP6}' «io (by O) 



= (by (4.10.1)). 



This finishes the proof of the identity (4.11.1). 
Lemma 4.12. The identity 

- a b a (o 3 ( 6o ) 2 ) a' 5 (a b 6 6 ^ a (a 9(ba) 



= 



holds in A. 



Proof. To prove ( 4.12.1 ) we compute as follows: 
- a b a (a 3(bQ)2 ) a' 5 (a b 6 6 ^ a (a 9[ba)s ) 

= -a (ai 1 a 3(6a ) 2 ) a' 5 (a^J a (09 (6a) J (by ( |4.2.1| )) 
= (aa ba ) (a 3b3 a' 5 a b 6 °) a (a 9(ba)8 ) (by ( plb|) ) 

= (aV + a'a'1 1 ) (a36 3 44 6 ) (« 2 ^8 + («86 8 ) <o) (by (gH) and (|46T|) ) 
(a 3b3 a' 5 a 6 6 ) a 2 p' s (by ( gZjg )) 



a 2 p 



= ~aV a 4 ([a, 6] 3 a 4 , a B) h)' a 2 p' 8 (by g^H )) 
= -a 8 p' 6 ([a,b} 4 a 5 ,a 6 ,b 6 y iP ' s (by (gTlb ) 
= -a 10 {(P6([a^]4a5,a6,&6))P7}' (by J4.3.2a|) ) 
= -a 10 {(p4([a2,62]a 3 ,a4,M) 2 P7}' (by ( gp )) 
= (by Q4.10.2l) ). 
This finishes the proof of the identity ( 4.12.1 ). 

Proposition 4.13. The identity 



b 1 1 1 6 n 

apPiP2 a =0 



ZioZds ot A, where p = (a, a, b). 



Proof. Combine Lemmas 4.7, 4.11, and 4.12. 
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The proof of Theorem 1.1 is now complete. 
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